Physics department Modern Optics

1 Interaction of radiation and matter

To describe the interaction of radiation and matter we saak@ression for field induced tran-
sition rates\; between energi levels of a tvo level system of atoms or médscuWe can
approch the problem along three paths:

e QED picture: with both the radiation field and the matter dizaal.

e Semiclassical picture: with the matter quantized but asatas description of the field.

e Thermodynamic picture: describing equilibrium betweeratmic system and thermal

radiation.

The first path needs the full arsenal of quantum mechanicgaed the most detailed infor-
mation. It is too advanced for this course and we will limié tliscussion to the other two
paths.

1.1 Thermodynamic picture

thermodynamic equilibrium
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We look at a tvo level system in thermodynamic equilibriura é&mperaturd@. The system is
swamped with thermal radiation with an energy density (Ekan

P(6.T) = M) i it @

where the first ternm(w) is the mode density in the thermal radiation

P

m(w) = 23 (2)

the second term the photon energy and the third the averaggaiion in the modes. The
equilibrium level population in the material is assumedaitoiv the Boltzmann distribution

Ne
_2e _ % e—ﬁ(a)o/kT (3)
N o1
where the superscrigmarks the equilibrium state, thgs are level degeneracy counters and

hwo = AE is the level separation. L&y be the transition rate between levelandy. Define
rate coefficient®\ andB (Einstein coefficients) with

Wo1 =Bo1p+A and Wi2 = B12p (4)

The A and B coefficients describe the three optical transition progegsspontaneous emis-
sion, stimulated emission and absorption. The populatieady state condition can now be
expressed as

N2 = B12p(wp)N§ — B21p(wo)Ns — ANS = 0 )

absorption  stimulated  spontaneous
emission emission

The A andB coefficient can now be related to the Planck distribution

A 1 _ m(ap) hay 6)

B21 02

p(wo

leading to the ratio conditions

Bz 01 A
—=.==1 and — = m(wy) hc 7
Bo:x o2 B21 (%) oo 0

The Einstein coefficients refer to the all the radiation nsothat can interact with the two level
system. Level broadening or other mechanisms that leadedolioadening can be incorporated
by considering the coefficients as integrals over a norredlimeshape functio(w — wy).
This is equivalent to defining frequency dependent coefftsie

A(w) = AG(w— wy) and B(w) = B G(w— wy) (8)

with the normalizing condition
/ G(w—wp)dw=1 9)
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1.2 Semiclassical picture

Here we treat the field classically but the material is quantized and described thi¢ wave-
functionsy; andy for the two levels.

qu — ul(r_) e—iElt/h_ llJz — U2(I’_) e—iEzt/h_

The field—matter interaction is described with the perttidveoperatoH’ = - €, whereu=er
is the dipole moment of the atom/molecule, @he £g €' is a plane polarized radiation field.
The interactiorH’ couples the wavefunctions into a time dependent mixture.

P =ay(t)P1+ax(t)y. |ag|*+ [ap]* = 1 (10)

The probability of finding the systen in the excited stattaj$’ and the transition rate is given

by
d

dt
First order perturbation calculations with applicatior=efmis golden rule give

Wio = — |ap|® (11)

21
w@:ﬁamﬂﬂ%ﬁﬁw—mﬁ (12)

where|Ho| =< U3|1juy > is the dipole matrix element arli{w — wy) is the Kronecker delta
function. By symmetry we can conclude thiato| = |1|* SO that the transition rate is the same
for absorption and stimulated emission.

The uncomfortable presence of the delta function is a caressz of disregarding level
broading due to collisions and finite radiative lifetime e¥éls and the spread of the apparent
field frequencies due to thermal velocity dependent Dopgitéfts. The delta function will be
replaced by appropriate lineshape functions later.

For comparison with the thermodynamic picture we need tetheefield amplitude to the
energy density with

1
p = 580€s (13)
With equation 4 we can now express thandB coefficients in terms of material parameters
am oo 2

Bio(w) = —5 = G(w— 14

12(W) £l o1 |H12|* G(w— o) (14)

A®) = 5 _ |15 Glor—an) (15)

- T[CSth_ U12 (*)0

where thed functions have been replaced by a normalized lineshapé¢idumc

Warning: This has been calculated for angular frequernwy Transformation to circu-
lar frequencyv can be tricky as the B’s contain the distribution function mevehni{w)dw =
m(v)dv. We have also assumed the dipole to be induced by the fielcharefdre aligned to
it. For permanent dipole moments and unpolarized light welreedirectional cosine averaged
over space directions; cos 6 >=1/3.
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Without an external field thé = [ A(w)dw coefficient determines the radiative lifetime of
level 2, and we can define the spontaeous emission lifetime as

Tsp=1/A (16)

The radiative lifetimersp is proportional to\® making fluorescence to dominant decay mecha-
nism in the UV and visible ranges, while collisions are oftlminating in the IR range.

1.3 Relationships to other macroscopic parameters

In the thermodynamic picture the radiation field was desctiith the energy density, and in
the semiclassical picture with the field amplitu¢ig We often need to tie the transition rate to
other paramers like power density, photon flux density, giigm cross section or absorption
coefficient. In the table below the polarizability of the @l has been incorporated into the
formulas through the refractive index

n=c/v=1/€/€ (17)

wherev is the light speed in the material ands dielectric constant.

Parameter name | Parameter | Transition rate
connection wW

Field amplitude | & 2 |uaof® €3

Energy density p = 3n?eo€? > ‘é’;h_z I2/% p

Power density I=%Sp - c4sT([)h_2 2?1

Photon flux density F = - n"'C%E‘S’T 2l F

dz

We define an absorption cross-sectionthrough flux de-
cay with beam travel distance. L&N = (N, — %Nl).

dF = —WAN cdt= —0FAN dz (18)

dF  oANdzS  oANdV
F s S

Referring to the figure we can interpret the right side of eqad%he ratio of the shadow
area of all the active atoms in the slice to the cross-sedtidime slice. We picture the atoms as
opague spheres, each with a cross-seaion

The macroscopic quantity absorption coefficiantcan now be expressed in terms of the
microscopic material parameters.

(19)

ImTw
ncegh

Beer’s law states the physical meaning the absorption ceeffias a decay rate constant with
beam travel distance.

—a(w) =0 AN = IH12/% AN G(w— wy) (20)

dl = —al dz l=lpe ®* (21)
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A negative value ofi constitutes a gain coefficient and calls for the inversiamdiiion AN > 0.

1.4 Line broadening

Line broadening mechanisms fall in two categories; homegas broadening and inhomoge-
neous broadening, that divide lasers into two distinctsgas For a homogeneously broadened
transition all the atoms or molecules respond in the sametwdlye external monocromatic
radiation, whereas the the radiation can only interact @wifubgroup of atoms in the inhomo-
geneous case.

1.4.1 Homogeneous broadening

Radiative decay and hard collisions inducing transitioasl l®® homogeneous broadening. So
do soft collisions that only disturb the phase developméth@interaction of an external field
with atoms.

We will look at an ensamble of atoms witi\a population that is decaying through sponta-
neous emission with a time constapiy.

Np = N9 g/ Trad (22)

The radiated elctric field amplitude is proportional to thaare root of-N, since—Np ~ | ~ 8%.
The time devolopment of the radiation field at a fixed pointgace is described with

8(1:) =& e—t/ZTrad COS((JOO t) — %80 e—t/ZTrad [e“*)o t _I_e—iwo t] (23)
fort > 0. To getinformation about the frequency content in the fisddake a Fourier transform
1 [ i i€o 1 1
=/ &t)e'®ldt=—= . - .
2n/o ®) an {w—(x)o—i—l/ZTrad W+ Wo — /2744

The power spectrum is proportional|th(w) |2 so dropping the small sum frequency term in eq.
24 we get the lineshape function

F(w) (24)

1 1
a 2
1 ()

whereAw = 1/21,4q is the halfwidth (HWHM). The profil&_ has been area normalized. This
lineshape, which is common for all homogeneous broaderstdrsg, is called a Lorentzian.

GL (25)

ﬂn~ A Intensity

W
V WWW T e

frequenEy
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Multiple homogeneous broadening mechanisms charactew#$ the time constantsy
still give a Lorenzian with the halfwidth

1
A=) —=)H A 26
=3 5o =Y Ay (26)

1.4.2 Inhomogeneous broadening

If transition frequency of subcomponents of an atomic systespread over an interval we talk
of inhomogeneous broadening. The inhomogeneous width is@epy of the system, while
each atom only possesses a homogeneous width.

The most common inhomogeneous broadening mechanism isapelé shift due to the
thermal motion of atoms. The normalized thermal distributof velocities is given with the
Maxwell distribution

whereM is the atomic masg; the velocity andl the temperature. An atom with a velocity
against the propagation direction of a monocromatic beas #n upshifted frequency

W =w[l+Vv/c (28)

wherew andv are measured in the same frame of reference. The resonamdii@ow = wy
is thus downshifted

o

W= T giving  dv= —%(1+v/c)2dw: —%dw (29)

The spectral distributio®p is tied to the thermal distribution with

Go (0 — wp)dw = — dv—i,/le‘“gkf(“lﬁo)zdm (30)
b “0)d0=—Pv oy V 21KT

Here it is convenient to define a halfwidth (HWHM) with

wy /2In2kT
Awp = — 1
wp =~ v (31)

leaving the area normalized lineshape function expressed a

N2 1 (@)
GD((*)_(*)O):\/?Re " <A‘”D) (32)

This lineshape is called a Doppler profile. The Doppler liitwvscales adwp ~ wo/T /M.
At the wavelengthh =500 nm, temperaturé€ =300 K and mas® =20 amu it takes the value
Awp ~ 211 GHz.

All transitions possess both a Doppler width and a Lorenth. wA monocromatic beam of
frequencyw can only communicate with a velocity group of atoms that sB®ppler shifted
beam to the resonance frequenay, for the casedwp > Aw,. The frequency width of the
velocity group is 2wy . In the other extremAw, > Awp the beam can communicate with the
whole ensamble i is within the profile.
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1.5 Saturation

We talk of gain/absorption saturation when the radiatiofd fraodifies the level population
differensAN from its weakfield value.

1.5.1 Saturation of a homogeneous profile

RZ
N, S Now we consider a more general level system
\Nlez than before, assuming that the lower level is
BPN, BON, not the ground state. We introduce constant
L pump rateR, and decay rates/1y for both

levels. Thet's can be due to radiative transi-
tions or collisions.

Rl
-
1
\\Nllrl

In the low field limit (p=0) the steady state conditions are

Nk = Re— N/t =0 (33)
for k=1,2. The low field inversion can now be written as
ANO = NQ — N0 — Ry, - 2Ry (34)
01 01

With a radiation field at frequenay the steady state equations take the form
N; = Ry — N1 /11 + B(w)p(w)AN = 0 (35)
Nz = Ry — N /T2 — B(w)p(w)AN = 0
leading to the field modified inversion
B ANO
1+ B(w)p(w)t

wheret = %r1+r2. So far we have been looking at a fixed point in space. To tidigmission
to an absorption/gain coefficient we must follow the beamt®journey (z/dt = c).

_ype  dedt_1di o dl
P= dtdz _ cdz P=4z

AN (36)

(37)
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The impact of the stimulated transitions on the field energysity is
2p(0)) = —hoy (N2 — Np) fietg = 2hw B(0))p(0d)AN (38)

The subscript “field” is to stress that this is only the fielduced (stimulated) part of the time
derivative. The field intensity gradient can now be written a

di(«f) hof
=—B
dz C

(W) (W)AN = —a (o, 1) | (o) (39)
where the absorption/gain coefficiemhow has become intensity dependesatturated

hw'B ANO Gu
¢ 1+IB(w)T/c -

—a(ud,l) = W — ) (40)

With the pump rate® we can control the sign of the inversidiN® = (N9 — %Nf). With
a negative sign we get absorptiany 0, whereas a positive inversion gives gairs 0. In the
last case it is customary to define a positive gain coeffigeat—a. We introduce the concept
of saturation intensityls, by writing the intensity dependent part of eq. 40 as

IBt/c=1/Is (41)
n _ nceh? gy 1 B W — o\ ?
's(w) = 4mjpigl? g2 TGL(W —wp) ' 1+< Awy ) (42)

where
_ ncegh? gr Aoy
4?2 g2 T
The saturation intensity at line center is thus independétite inversion and even of number
density of absorbers in dilute mixtures but depends on potsisure ap? since bothhwy and%
are proportional t. Off center the saturation intensity increases with detgiais a reciprocal
Lorentzian.
The homogeneous saturated gain (or absorption) is therbddawith

Py g(w',0)
9D = T () /is()

lsp = Is(o) (43)

(44)

Rearranging terms in eq. 44 collecting@lldependence to to one place and using the shorthand
notationgp = g(w = wy,| = 0) for the linecenter small signal gain, result in

Jo 1
1+1/ls ]__|_(M°J\//_—1‘*_‘)_O|W)2

Equation 45 implies that when the profile is scanned with atzort intensity saturating beam,
the saturated gain (or absorption) still shows a Lorentsiaape but now with an increased
linewidth Aw /1+1/ls. This effect is callegpower broadeninglt is a consequence of the
offset dependence of the saturation intensity. The wingggate less than the line center.
Before leaving the subject of homogeneous saturation we lnoistat the effect of a sat-
urating beam at frequeney on the gain at other frequencies We do this by observing the

g(wlv 1) = (45)
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gain/attenuation of a weak probe behkgithat is scanned over the profile, while the strong beam
is saturating at a fixed frequenay.
Rewriting eq. 39 for this situation gives

dlp, he

To _ M98 )1 AN = —a (. 1(0))) Iy (46)

dz ¢
where the absorption/gain coefficianhow is also a function o&y through the saturation effect
described in eq. 36
1 (017)

T L) /1s(@) 4, (%)2

a(w, 1 (w)) (47)

The equation shows that a monocromatic saturating beamcaténcy’ will saturate the whole
line profile. This property has important consequences Herlkiehavior of homogeneously
broadened lasers.

1.5.2 Saturation of an inhomogeneous profile

We consider a Doppler line withwp >
Aoy, and use similar procedure as for the
homogeneous case. First we find the satu-
rated lineform when scanning the satura- Go
tion beam and then consider the impact of
a stationary saturation beam on the pro-
file. The gain (or absorption) is found by
integrating over the velocitygroup that is
Doppler shifted to resonance, correspond- : :
ing to the shaded area on the figure. The o (j)o ' Frequency
Lorentzian form of the velocitygroup is : }
power broadened. Velocity 0

The saturated gain is found with a convolution summing uptrdautions from different
velocity groups.

/ / * Qo
9w, He) = /_w 1+ 1(w)/Is(0—w)

Gp(w— o) G (& — w) dw (48)

(To keepgo clean we use the Doppler profilg) with a peak value 1.)

1 1
S —— T} 2
P o 5] g

6(A)L

L SV way

o 5)

o 1)) = [ goe"(5)

Equation 48 shows that the saturated profile is still Ganssml the width is unaffected. The
square—rooot in the denominator makes the inhomogenetwatan slower than in the homo-
geneous counterpart. The saturation intesity is now inaget of position within the profile.

A saturating beam at a fixed frequenoywill saturate at that frequency according to equa-
tion 48 but leave other velocitygroups outside the satdratielth unaffected. This effect of
shunting a selected velocitygroup to the other level isecb#l holeburning and is characteristic
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for saturation of inhomogeneous systems. The deformedpgaiile is displayed in the next
figure. The derivation of the analytical form is outside thege of this course.

VO
Nl //L-\
Velocity 0

1.6 Amplifiers
The homogeneously saturated gain coefficient is given wgjthié.
9(w,0)
wl)=—"—"7"7+"— 50

The amplification of the intensity with distance inside timepdifier is described wit the differ-
ential equation

dil  g(w,0)
dz = 1+1/Is(w) (1)
With separation of variables and integration we get a forsoaition
Inl/lo+ (I —1lp)/ls=9g(w,0) z (52)

We can not solve this equation for 1(z) in a closed form dudéodaturation term, which slows
the amplification down. The solution can always be found \wehative numerical methods as
boundaries for the solution are known;4 1(z)/lp < €%

For the inhomogeneous case the differential equation thiesorm

1+1/1s(w)
I

With the substitution§= /1+1/IsandS = /1+ lp/Is the formal solution can be written

as

(S-1)(S+1)
(S—-1)(S+1)
It takes numerical methods to isolate 1(z) as in the otheg.cas

dl =g(w,0) dz (53)

2(S—S) +1In

=0(w,0) z (54)
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