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2 Fabry-Perot resonator

2.1 Perfectly reflective surfacesR=1

Consider the case of a plane wave bouncing a b
back and forth between two perfectly reflec- -] Ny
. i n -] n [~ n
tive surfacesRa = R, = 1). The electric field P : Ny ?
between the surfaces will be — ~
—1 d ~
E — Epe @k 4 g etk —] Ny
— Ege ' (e*'kz+ re"‘z> gl Ny
. . . . 0 d :z
where r is the field reflection -coeffi-
cientl Figure 1: Two perfectly reflective surfaces.
The electric fielce has to be zero at the inter-
faces:E(z=0) =E(z=d) =0.
z=0: 1+r=0 = r=-1
z=d: e 1kd — gkd = kd = qrt, q=1,2,...
Therefore, we have that .
V=0=—
2d
so only discrete frequencies (or modes) are allowed, witheaiag of
C
Av=—
2d

This is the so-called free spectral range and charactettizeshift in frequency neccessary to
shift the fringe system from the resonator by exactly onegei

1The reflectanc® s related to the field reflection coefficienby R = |r|2
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2.2 Etalon,R< 1

a b
n, n n,
0 ! Fresnel: o1 = —10
gp > N1to1 = Notio
> > ROl = Rlo g R
n
Tor= n—;tél = toatao

0 d z

Now, allowing for some transmission through the interfagescan calculate the field reflection
coefficient of the etalon.

Ereflected ikd
3
Fetalon = —— " = ro1+1to1rioti0€? +1o1riot1o

Eo
= To1 [1—t01'[1092ikd (l—f— r2e?kd 4 .. ﬂ
Te2ikd
- ll‘ Wezkd}
1_ g2ikd
1017~ ReAikd

The reflectance of the etald 4 on iS then given by

hikd |

R|(1—cosxd)? +sin22kd]
(1— Rcos xd)? + R2sin? 2kd
2R(1—cosxd)
1—2Rcosxd + R?
4Rsirkd
(1—R)?+4RsirPkd

Retalon = ‘retalon‘z =

And the transmission by

(1-Ry?
(1- R)?+4Rsir’kd
1

4Rsir? kd
LRy

Tetalon =1- I:\>aalon =
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Teta\lon )

(ﬂ |
1+R

>

q:n (q+:1)n kd
Figure 2: The maximum and minimum transmissiofijgs = 1 andTyin = (%)2

SinceTaa0n doesn’t go down to zero we can only talk about the half widtkthefpeaks when
the following condition is satisfiedR > % ~ 17%. WhenTgaon = 1/2, then

V2+
(1-R)?=4Rsirfkd  or  sinkd = 17R_ @12
2VR
The finessé is a measure of the sharpness of the interference fringes:
Fo T /R
C2¢, 1-R

The spacing between the resonances is determined by théiocordl = qri, q=1,2,... as

before, so c

V= 2n1d - 2n1d
The peaks have a finite width o2, (FWHM) since energy is lost from the resonatBr< 1).

and Av
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3 Beam Tracing and Mirror Resonators

Ray tracing is an practical implementation of paraxial ray analysis ptical system design.
It's foundation is the paraxial approximation of Snell,ttlsasin@ ~ 6. Thethin lens equation
1/f =1/a+1/bis only valid in that case.

3.1 Ray transfer matrices

A paraxial ray is characterized by its distamdeom the symmetry axis and the anglét makes
with the axis. By representing the beam with the vector

[z

we will be able to build a system of linear equations to tréeelteam through a optical system.

3.1.1 Lens
We assume that the lens is thin. We use the f
subscript 1 for the incident beam and 2 for the
outgoing beam. The lens changes the slope of
the beam, but not the distance from the axis,
that is a v b
ri
fo=r and rH = —=
2=1I1 1= 3

1 2

the thin lens equation gives us Figure 3: Ray path through a thin lens.

and therefore

I ’ r
h=—==r;——=
2 b 1 f
We can now write the relations between the incident and thgoing beams using matrices:
r.| |A B ry rp = Arp + Br}
ry CDJ;ln r, = Cry + Drj

and from the equations above we can seeAhatl,B=0,C = —1/f andD = 1. And finally
we get theransfer matrix
A B 1 0
w=len], = [ ]

and we can writ€ = M {11
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3.1.2 Ray traveling a distance d

It is easy to see that a ray traveling through a uni-
I

form optical medium of length d can be described }
as /
|

— / [ [
ro = rp+ drg -— d .

r, =} 1 2

Therefore the transfer matrix can be written as
A B 1d
ma= ¢ o, o 4]

3.1.3 The Propagation of Rays in Mirror Resonators

Figure 4: Ray traveling a distance

f

//v\\

|
| d |
| |
| |
1 2
Figure 5: Ray going through a thin lens and traveling distahce
By combining the results for the tranfer matridds andMy and get
B ~|1d 1 O r{| |[1-d/f d
F’2_'\/"1"\’”?1_[0 1} {—1/f 1] {r’l}_{ ~1/f 1}?1

M

The curved mirror resonator shown in figure 6(a) is equivalerine periodic lens sequence
shown in fig 6(b). We can calculate the total transfer matrix

(1-d/f2)(1—d/f1)—d/f1 (2—d/f2)d }
—(1-d/f1)/f2—-1/f, 1-d/f

M"F then describes the transmission on the ray thraulmses (reflections). It can be shown
that transfer matricies have determinant of unity. For sonettrices we can use Sylvester’s
theorem

M =MgM MM g, = [

{A B r _ 1 {Asinn@—sin(n—l)e Bsinn® } 1)

C D sin® Csinnd DsinnB —sin(n—1)0
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(b)

Figure 6: Confocal symmetric resonator and its equivalerg &&quence

where
1

cosd = %(A+ D) and sirf = 1—21(A+D)2
and clearly,
1= ([Asinn® —sin(n— 1)8]ry + B[sinnB]r})/sin® 2)
If the beam is supposed to oscill&idas to be real, else

9,
Sin@ = siniY = isinhy

and sirB becomes hyperbolic and the ray diverges more
and more from the axis as it passes through the system.
The condition fo® to be real is

1
-1< E(A+D) <1

We can use this to find out tretability condition of the
transfer matrixv

d d Figure 7: Stability diagram for op-

0<(l-—)1-—)<1 i
< ( 2f1)( 2f2) < tical resonator.

By defining
d d
=TTt R
we can write 0< g1g2 < 1. This can be shown on a resonator stability diagram, asshmow
figure 7.
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Fabry-Perotresonator: Ri=c — gi=g=1 Unstable boundary condition

Confocal resonator: R=d = og=0=0 (un)stable boundary condition

For the confocal resonator the transfer matrix is

-1 0
I\/lconfz[ 0 _1}

and therefore
Th+1 = Mconffn = —Tn = a2 =Th

The confocal resonator is very easy to handle becauseytdiie of the mirrors is equvalent to

Figure 8: Confocal resonator

move the symmetry axis of the other. The also posess the ppyadpat when a laserbeam, that
lies outside the axis of symmetry, is directed into the sysitewill not be reflected back into
the laser and disturb it.

3.1.4 Interfaces between two different media

We can see here thag = r;. To solve for the slope we

use Snell’'s law //

rn .\ _ . —
nl(ﬁ_r1>—n2(R r2) 3) S~ n, 'n
R ~~~.
This gives us the transfer matrix y
12
1 0 . :
M = { mp-ml n } Figure 9: Interface between media
nn R np
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